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Abstract-The general problem of stress singularities in anisotropic multi-material wedges and
junctions due to geometric and material discontinuities is investigated. The anisotropic wedges and
junctions discussed here comprise two or three materials with different geometric configurations
and different material properties. The interfaces in multi-material junctions are either all perfectly
bonded or a disbond is introduced along one interface. The order of stress singularities is obtained
by solving the characteristic equations that are developed from the boundary conditions of the
problem. Numerical examples for the order of stress singularities are given for the general problem
including two and three-material wedges, a crack terminating at an interface between two materials,
bonded and disbonded two and three-material junctions as well. An "extra" root of the characteristic
equations in addition to three roots corresponding to higher singular stresses is observed for the
cases of disbonded anisotropic two and three-material junctions. The stress singularities affected by
geometric configurations and material properties of anisotropic materials are also investigated.
© 1998 Elsevier Science Ltd.

1. INTRODUCTION

The stress singularity can exist in anisotropic elastic solids when discontinuities are present
in the geometry and/or the material properties of the materials, such as anisotropic mullti­
material wedges, bonded and disbonded multi-material junctions. Some problems con­
sidered in this paper are shown in Fig. 1 in which one disbond may be introduced along an
interface in multi-material junctions. The points that are internal to the body and labeliled
o as shown in Figs l(a), (b) and (c) are the locations of the stress singularities.

The stress singularities for bonded and disbonded isotropic three-material junctions
have been investigated by Pageau et al. (1994) and Inoue et al. (1996). The stress singularities
for several special configurations of anisotropic materials, such as free edge in laminated
composites, bonded anisotropic wedges and anisotropic layered composites with a crack
normal to an interface, has been studied by Ting et al. (1981, 1984), Delale (1984) and
Huang et al. (1994). In addition, Wang et al. (1982) analysed boundary layer stress
singularities in composite laminates under uniform extension using Lekhnitskii's stress
potentials (Lekhnitskii, 1963). Zwiers et al. (1982) utilised the Stroh's formulation (Stroh,
1962) to study the same problem. A logarithmic singularity of free-edge may exist in
addition to the same power singularity as obtained by Wang et al. (1982). Yeh (1986)
presented a finite element formulation based on singularity transformation. An approximate
order of stress singularity at the boundary layer ofan interface between adjacent anisotropic
layers was obtained. Recently, Pageau et al. (1996) developed a finite element approach to
analyse three-dimensional singular stress states in prismatic configurations of anisotropic
multi-material wedges and junctions. A more general three-dimensional finite element
analysis of singularities where multi-material junctions intersect free surfaces has also been
presented by Pageau et al. (1995).

In this paper, the general problem of stress singularities in anisotropic multi-material
composites, such as two and three-material wedges, bonded and disbonded two and three­
material junctions, is considered. The geometry for the general problem of an anisotropic
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Fig. 1. Examples of multi-material wedges and junctions. (a) Three material wedge. (b) Two material

junction. (c) Three material junction.

Interface
Fig. 2. Geometry of a typical anisotropic multi-material structure.

multi-material junction is shown in Fig. 2, where wedge and junction configurations are
considered as prisms in the direction along the line of singular point, i.e., along the X 3

direction. Each anisotropic material is a fibre reinforced composite in which the fibres are
assumed to lie in X2-X3 plane although the proposed method is not limited to these cases.
The orientations of the fibres may vary from material to material and are measured from
the x2-axis by the angle aj, an and am for material I, II and III, respectively. Based on the
displacements and stresses near the tip of an interface crack in anisotropic composites
developed by Ting (1986) using Stroh's formulation, the characteristic equations for the
cases of anisotropic multi-material wedges and junctions are established. The order of
stress singularities for these cases is obtained by solving the corresponding characteristic
equations. Finally, the stress singularities affected by the geometric configurations, e.g., the
wedge angle, the crack position, the bonded interface position and the disbond position,
and material properties, e.g. the fibre orientation, are investigated.

2. FORMULAnON

The equations for the displacements and stresses at the tip of an interface crack in an
anisotropic composite were developed by Ting (1986) where a two-dimensional deformation
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in which displacements depend on Xl and X 2 only is considered. The displacement vector u
and the surface traction vector t on the polar plane (r, 8) near the vertex of an anisotropic
wedge used here and after can be expressed as follows

where

3

u(B) = L (qwawz~+l +hu,awZ~+I)/(J+ 1)
w=l

(1)

(2)

(3)

in which qw and hw are arbitrary constants; Pw and {aw, bw}T as well as their complex
conjugates are the eigenvalues and eigenvectors determined by the elasticity constants; an
over bar denotes the complex conjugate. In this paper, the formulation is extended to be
used for the general problem of anisotropic multi-material wedges and junctions.

Equations (1) and (2) can be rewritten in the following matrix form

u(B) = r"+1 {AE(J, 8)q+AE(J, B)h}/(J+ 1)

t(B) = rb {BE(J,B)q+BE(J,8)h}

(4)

(5)

where vectors q and h comprise arbitrary constants qw and hu" respectively; matrix A and
B comprise vectors aw and bw, respectively; and diagonal matrices E(J, 8) and E(J, 8) are
defined as

in which

'1w = cosB+PwsinB,w = 1,3.

(6)

(7)

(8)

Since the surface traction vector t is of the order r", the stresses are singular if the real part
of 15 is negative.

Consider now the boundary conditions for the general problem. The traction-free
boundary conditions on the radical surface 8 = ¢ are

t(¢) = 0 (9)

and the continuity conditions for fully bonded interface between material I and material II
on the radical surface 8 = ¢ are

UI(¢)-Ull(¢) = 0

t1(¢)-t[[(¢) = O.

(lOa)

(lOb)

Based on the displacement vector u and the surface traction vector t in eqns (4) and (5), the
characteristic equations for the following cases can be established using the combinations of
boundary conditions discussed above.
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Fig. 3. Geometry for the problem of a two-material wedge.

2.1. Characteristic equations for two-material wedges andjunctions

Wedges. Consider a two-material wedge that is perfectly bonded along the interface
e= cPIl as shown in Fig. 3. The surfaces of material I e= cPSI and material II e= cPS2 are
assumed to be traction free. Application of eqns (9) and (l0) leads to the following
characteristic equations

B j E j ((5, cPsl)ql+BIE[((5, cPsL)h[ = 0 (lIa)

B II E II ((5, cPS2)qll +1311 Ell ((5, cPs2)hu = 0 (lIb)

A[EI((5, cPIl)ql +A,EI((5, cPIl)h[ -A II EIl ((5, cPIl)qU -AIl Eu((5, cPIl)hu = 0 (lIc)

BrEr((5, cPIl )qr +B[EI((5, cPlI )hr- BIlEII ((5, cPlI )qu - BuEll ((5, cPrl )hu = 0 (lId)

Fully bondedjunctions. When the surfaces of material I e= cPS] and material II e= cPS2
shown in Fig. 3 are perfectly bonded together, the problem of Fig. 3 becomes the one of a
fully bonded junction with two interfaces between two materials, i.e., e= cP[J and e= cP12'
Therefore, the characteristic equations can be written as equations (llc, d) plus eqns
(l2a, b)

A j E I((5, cPI2)ql+AIEI((5, cPI2)h j -AuE II ((5, cPl2)qll -AII EIl ((5, cPI2)hu = 0 (l2a)

BIEI((5, cPI2)q, + BIE L((5, cPl2)hl - BIlEu ((5, cPI2)Qu - 1311Eu((5, cPI2)hll = O. (l2b)

Disbonded junctions. The case of a disbonded two-material junction can be obtained
when the surfaces of material I and material II shown in Fig. 3 are located on the radical
surfaces e= cPSI and e= cPS2 = - 2n + cPs], respectively. The characteristic equations for
this case are the same as those for two-material wedge, eqn (ll), in which cPS2 in eqn (lIb)
is considered as cPS2 = -2n+cPsI'

Note that the characteristic equations for all three cases mentioned above comprise a
set of total 12 equations.

Crack terminating at an interface. The geometry for this case is shown in Fig. 4. Two
materials are perfectly bonded on the radical surfaces e= cPIl and e= cPI2' and a crack is

Material
T~_~1- II

Fig. 4. Geometry for the problem of a crack terminating at an interface between two materials.
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present in material I with free crack surfaces (} = ¢SI and (} = ¢S2 = -2n+¢SI' The
characteristic equations for this problem are written as follows

BIEI(b, ¢SI )qll + BIEI(b, ¢SI )hll = 0 (13a)

BIEI«(j,¢dqI2+BIEI(b,¢sz)hI2 = 0 (13b)

AIEI«(j, ¢Il)qll +AIEI«(j, ¢Il)hll -AnEn(b, ¢1l)qll-AnEn(b, ¢Il)hn = 0 (Bc)

B[EI(b, ¢1I)qll + BIEI(b, ¢Il)hll - BnEn(15, ¢Il )qn - BnEn(b, ¢Il)hn = 0 (13d)

AIE[ «(j, ¢I2)ql2 + AIEI«(j, ¢dhI2 - AnEn(b, ¢Iz)qn - An En (b, ¢I2)hn = 0 (Be)

BIEI(b, ¢Iz)qlz +BIEl(b, ¢12)h12 -BnEn(b, ¢12)qn- BnEn«(j, ¢12)hn = O. (13f)

Here, the characteristic eqn (13) comprises at set of total 18 equations.

2.2. Characteristic equations for three-material wedges and junctions

Wedges. The geometry of a three-material wedge is shown in Fig. 5. Three materials
are perfectly bonded at two interfaces, i.e., interface (} = ¢[1 between material I and material
III, and interface (} = ¢12 between material II and material III. The surfaces of material I
() = ¢SI and material II (} = ¢sz are assumed to be traction free. Application of these
boundary conditions yields the following characteristic equations

BIEI(b,¢SI)ql+BIEI«(j,¢SI)hl = 0 (14a)

BnEn«(j,¢dqn+BnEn«(j,¢sz)hn = 0 (14b)

AIEl (b, ¢[I)ql + AIEI(b, ¢[I)hl - AmEm«(j, ¢Il)qm - AmEm«(j, ¢Il)hm = 0 (14c)

BIEI«(j, ¢Il)ql +BIE[«(j, ¢Il)hl -BmEm«(j, ¢Il)qm -BmEm«(j, ¢Il)hm = 0 (l4d)

AnEn(b, ¢12)qn + AnEn«(j, ¢12)hn -AmEm«(j, ¢dqnl-AmEm«(j, ¢12)hm = 0 (l4e)

BnEn (b, ¢12)qn + BnEn«(j, ¢12)hn - BmEm «(j, ¢lz)qm - BmEm «(j, ¢12)hm = O. (14f)

Fully bondedjunctions. When the surfaces of material I (} = ¢SI and material II (} = ¢sz
shown in Fig. 5 are perfectly bonded together, the case of three-material wedge of Fig. 5
becomes the one of a fully bonded three-material junction with three bonded interfaces,
i,e., () = ¢Ib (} = ¢12 and (} = ¢I3' Therefore, the characteristic equations for this problem
can be expressed as the eqns (14c-f) for two bonded interfaces () = ¢Il and (} = ¢12 plus the
eqns (15a, b) for the new bonded interface () = ¢I3 between materiall and material II

AIEl (b, ¢13)ql + AIEl (15, ¢13)hl - AnEn(15, ¢I3)qn - AnEn (15, ¢I3)hn = 0 (l5a)

B]EI«(j, ¢13)ql + BIEl«(j, ¢13)hl - BnEn«(j, ¢I3)qn - BnEn«(j, ¢13)hn = O. (l5b)

Disbonded junctions. The case of a disbonded three-material junction can be obtained
from the case of a three-material fully bonded junction when a disbond is introduced along

Fig. 5. Geometry for the problem of a three-material wedge.
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anyone interface. The characteristic equations for the case of a disbonded three-material
junction with a disbond along the interface between material I and material II are the same
as those for a three-material wedge, characteristic eqn (14), in which ¢S2 in eqn (l4b) is
considered as ¢S2 = - 271:+ ¢Si' The characteristic equations for the cases of three-material
junctions with a disbond along anyone of other interfaces can be also obtained by the same
method as indicated above.

Note that the characteristic equations comprise a set of total 18 equations for all cases
of three-material wedges, bonded and disbonded three-material junctions.

The characteristic equations developed here for each case constitute a system of
homogeneous linear algebraic equations in arbitrary coefficients q and h. The existence of
a nontrivial solution for q and h requires vanishing of the coefficient determinant

IMb)1 = 0 (16)

where Ll(b) is a coefficient matrix involving b. The results for eqn (16) can be obtained
using standard numerical techniques such as Muller's method (Muller, 1956).

3. NUMERICAL RESULTS

Two different illustrative composite materials are utilised for the numerical calculations
in order to compare the present results with the existing results. The engineering constants
for the layers in the two composites are taken from Delale (1984) and Wang et al. (1977),
respectively.

EL = 163.4 X 106 kPa, E T = Ez = 11.9 X 106 kPa

GLT = GZL = 6.5 X 106 kPa, GZT = 3.5 X 106 kPa

and

VLT = V LZ = 0.3, V TZ = 0.5

EL = 137.90 X 106 kPa, E T = Ez = 14.48 X 106 kPa

GLT = GLZ = GTZ = 4.98 X 106 kPa

V LT = vLZ = vTZ = 0.21

(17)

(18)

where E, G and v are the Young's modulus, shear modulus and Possion's ratio, respectively.
The subscripts L, T and Z refer to the fibre, transverse and thickness directions of an
individual layer, respectively. The fibre orientations measured from the x2-axis by the angle
ry, are assumed to differ from layer to layer. Equation (17) is used for the calculations of the
problems of two-material wedges, bonded and disbonded two-material junctions (see Figs
6--11), while eqn (18) is used for the calculations of the problems of a crack terminating an
interface between two materials, three-material wedges, bonded and disbonded three­
material junctions (see Figs 12-21).

In order to show the effects of geometric configurations and material properties on
the stress singularity, various numerical examples for multi-material wedges, bonded and
disbonded multi-material junctions are discussed here. The order of stress singularity for
each case is determined from the corresponding characteristic equations when the real part
of root 15 is negative. Both real and complex roots may be found for some cases. Since
complex conjugates of these values are also roots of the characteristic equations, only
positive imaginary parts of complex roots are considered. In the following figures, the real
parts of complex roots, Re 15, are represented by solid lines, while the imaginary parts of
complex roots, 1m 15, are represented by broken lines.

The comparison between the selected present results and the existing results is given
for some special cases of geometric configurations and fibre orientations discussed here as
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Table 1. Values of roots for special cases of multi-material wedges and junctions compared to the existing results

Geometry Fibre
configuration orientation Current Existing

Figure e IX value value Ref.*

Fig. 6 IX = 60" -0.422886 -0.4229 [1 ]
Fig. 7 e= 90° -0.380828

-0.047337

Fig. 7 e= 1790 -0.499479 -0.4995 [1 ]
-0.498481 ± 0.019609i

Fig. 12 IX = 30° -0.662510 -0.663106 [2J
Fig. 13 e= 1800 -0.494838 -0.494451

-0.347946 -0.348117

Fig. 13 e= 90° -0.500000 -0.5008 [3J
e= 270° -0.500000 ± 0.02942li -0.4992±0.029li

Fig. 16 IX = 45° -0.082543 -0.084240 [2]
Fig. 17 e= 1800 -0.018759 -0.019218

Fig. 18 IX = 45° -0.614880 -0.615097 [2J
Fig. 21 e= 1800 -0.490522 -0.490090

-0.385132 -0.385501
-0.004092

Fig. 19 IX = 45° -0.585143 NiA NiA
Fig. 20 IX = 00 -0.504003

-0.455394
-0.009197

* Ref.: [I] Delale (1984). [2J Pegeau et al. (1996). [3J Yeh et al. (1986).

summarised in Table 1. Only first few roots that correspond to higher singular stresses are
available in the existing results. However, all of roots that correspond to singular stresses
are obtained using the proposed method, and the values of roots are more accurate
compared with the results obtained by finite element approach. Here, an "extra" root that
corresponds to very low singular stresses is found in the cases of Figs 18-21 as listed in
Table 1, which is prone to be neglected using finite element approach. To the author's
knowledge, four roots, including the "extra" one, that correspond to singular stresses in
anisotropic multi-material wedges and junctions have not been found previously.

:I .1. Results for two-material wedges and junctions

Wedges. The influence ofwedge angles and material properties for two-material wedges
on the stress singularity is investigated. The results in Fig. 6 are for the case of a two­
material wedge with a 90° wedge angle for material I and a half plane for material II. The
:fibre orientation of material I is variable, i.e., IX) = IX where IX varies from -900 to 900

, while
the fibre orientation of material II is fixed, IXII = 30 0

• The order of stress singularity varying
with IX) is also shown in Fig. 6. Three real roots that correspond to singular stresses exist
for the full variation range of fibre orientations of material I IX,. The values of roots bare
identical for the cases of IXI = - 90" and IX, = 90°, where both fibre orientations for material
I are the same.

Figure 7 shows the case of a two-material wedge with fixed fibre orientations for
material I iX) = 60° and material II ixu = 30°, while the wedge angle for material I evaries
from 0° to 180°. The effect of the wedge angle eon the stress singularity is investigated as
shown in Fig. 7. From the results, it can be seen that the stress singularity becomes more
severe as the wedge angle eincreases, reaching the value of a real root - 1/2 and a pair of
complex conjugate roots with real parts - 1/2 for an interface crack between two anisotropic
materials. In addition, two real roots exist for wedge angle eranging from 0° to near 90°,
and a real root together with a pair of complex conjugate roots is present for wedge angle
enear 180°.
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Fig. 6. Order of stress singularity for a two-material wedge with varying the fibre orientation for

material 1.
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Fig. 7. Order of stress singularity for a two-material wedge with varying the wedge angle for material 1.

Fully bondedjunctions. The cases offully bonded two-material junctions are considered
as shown in Figs 8 and 9. The fully bonded junction shown in Fig. 9 comprises two
materials, i.e., material I with wedge angle 90° and fibre orientation varying from - 90° to
90°, and material II with wedge angle 270 0 and fixed fibre orientation au = 45°. Stress
singularities are very low in this case as shown in Fig. 8. Two real roots or a pair of complex
conjugate roots exist except that <5 = 0 when a[ = 45° since both two materials have the
same fibre orientation.

The order of stress singularities varying with the position of a bonded interface 8 is
investigated as shown in Fig. 9, where the fibre orientations for material I and material II
are fixed, i.e., a[ = -45 0 and au = 45°. The stress singularities become high rapidly as the
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Fig. 8. Order of stress singularity for a fully bonded two-material junction with varying the fibre

orientation for material I.
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Fig. 9. Order of stress singularity for a fully bonded two-material junction with varying the position

of a bonded interface.

interface position evaries from 900 to 105°, and then reducing slowly until complex roots
occur. There are no stress singularities when e= 90° in which only material I exists and
e= 2700 in which both wedges for material I and material II are half plane.

Disbanded junctions. The geometric configurations considered in Figs 10 and 11 are
similar to those of Figs 8 and 9, respectively, except that one of interface between two
materials is disbanded. In these cases, the stress singularities become more severe since a
perfectly bonded interface is replaced by a disband. An "extra" real root corresponding to
very low singular stresses is found in both cases in addition to three roots corresponding to
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Fig. 10. Order of stress singularity for a disbonded two-material junction with varying the fibre

orientation for material I.
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Fig. II. Order of stress singularity for a disbonded two-material junction with varying the disbond

position.

higher singular stresses as shown in Figs 10 and 11. The "extra" real root shown in Fig. 11
also varies with the disbond position (), reaching the value close to zero when () is near 180°.
It should be noted that «5 = -1/2 is a triple root when Q(, = 45° in the case of Fig. 10 and
when () = 900 in case of Fig. 11, and - 1/2 is a real root and the real parts of a pair of
complex conjugate roots when () = 2700 as shown in Fig. 11, in which the case of Fig. 11
degenerates into the one of interface crack between two anisotropic half plane wedges.
Note that the "extra" root vanishes in the degenerated cases mentioned above.

Crack terminating at an interface. Figure 12 shows the case of a crack normal to and
ending at an interface between two materials. Here, the fibre orientations for material I and
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Fig. 12. Order of stress singularity for a crack normal to and ending at an interface between two

materials with varying the fibre orientations.

0.07

0.06

0.05

0.04

3"
0.03

01

0.02

0.01

I
J

/
I
I
I o

105 120 135 150 165 180 195 210 225 240 255 270

o
90

-0.7

-0.6

-0.5

-0.4
'.0
CP

IX
-0.3

\
-0.2 \

"-
\

-0.1 \
\

Angle e
Fig. 13. Order of stress singularity for a crack terminating at an interface between two materials

and varying the crack position.

material II are assumed to be IX! = IX and IXII = -a, respectively. A relation between the
order of stress singularity (j and the fibre orientation a is given as shown in Fig. 12 with
varying a from -90° to 90°. It can be seen that the values of (j for (-IX/IX) and (IXI -IX) are
identical, and (j = - l/2 is a triple root when IX = - 9OC', IX = 0° and IX = 90°. Three non­
equal roots of (j exist for all other combinations of (al - IX).

The results in Fig. 13 are for the case of a crack present in material I and terminating
at an interface between two materials. In this case, the fibre orientations for both material
K and material II are fixed, i.e., IXI = 30° and IXII = - 30 " while the crack position evaries
from 90° to 270°. Note that the values of roots (j are identical for crack positions on the
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Fig. 14. Order of stress singularity for a three-material wedge with varying the fibre orientations for
materials I and III.
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Fig. 15. Order of stress singularity for a three-material wedge with varying the wedge angle for

material I.

radical surface e and the radical surface 360° - e. A real root and a pair of complex
conjugate roots exist when a crack is near the bonded interfaces. The case of Fig. 13
degenerates into the one for interface crack between two anisotropic materials when e= 90°
and e= 270°.

3.2. Results for three-material wedges and junctions

Wedges. The configurations of three-material wedges considered here are shown in
Figs 14 and 15. In Fig. 14, results are for a three-material wedge composed of three 90°
wedges, where the fibre orientations for material I al and material III am are considered as
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the variables with al = a and IXm = - 0:, while holding 0:1I = 90°. It can be seen that the
trends are quite different from the ones for two-material wedge as shown in Fig. 6 since the
wedge discussed here comprises three different materials. Moreover, the values of roots b
are identical for (0:/90o/-IX) and (-a/90o /a), where (1X/90o/-IX) refers to the fibre orien­
tations for materials I, II and III, respectively.

The results shown in Fig. 15 are for a three-material wedge with varying the wedge
angle of material I efrom 0° to 1800

, while the fibre orientations for all three materials are
fixed, i.e., IXI = 45°, IXII = 90° and IXIII = - 45°. The trends are very similar to those observed
in Fig. 7 except that the range of complex roots become larger. Note that the values of
roots b are different from those of Fig. 7 when e= 0 0 and e= 180°, since three different
materials are considered here. A real root that represents the order of singular singularity
for free-edge problem exists, b = - 0.009646, when e= 0°. Four roots exist including an
"extra" one, b = - 0.003902, when e= 1800

•

Fully bondedjunctions. Figures 16 and 17 show the cases offully bonded three-material
junctions. In Fig. 16, a three-material junction composed of two 900 wedges with varying
fibre orientations, al = -IX and IXII = IX, and a half plane with fixed fibre orientation,
alii = 0°, is considered. All interfaces between materials are assumed to be bounded
perfectly. It can be seen that two real roots are very close to zero, which indicates that very
low singular stresses exist in this case. No stress singularities exist when 0: = - 900

, IX = 00

and a = 90 0
, since the case of Fig. 16 is degenerated. Moreover, the values of roots b for

( --IX/a/oe) and (a/- a/O O
) are identical due to symmetric fibre orientations.

The case considered in Fig. 17 is for a three-material junction composed of three
wedges with varying the position of the bonded interface between material I and material
II efrom 90° to 270 0

• The fibre orientations for all three materials are fixed, i.e., al = - 45°,
all = 45° and alii = 0°. Only one real root exists except when the bonded interface position
e is near 1800

• It can be seen from the results for a three-material fully bonded junction
only low singular stresses exist and the values of roots b are real. Since the fibre orientations
for material I and material II are symmetric, the values of roots b are identical for the
bonded interface positions on the radical surface eand the radical surface 3600

- e.

Disbonded junctions. Several cases of disbonded three-material junctions are now
considered, and results for these cases are presented in Figs 18-21. Here, one of the
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Fig. 16. Order of stress singularity for a fully bonded three-material junction with varying the fibre

orientations for materials I and II.
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Fig. 17. Order of stress singularity for a fully bonded three-material junction with varying the

position of a bonded interface between materials I and II.
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Fig. 18. Order of stress singularity for a disbanded three-material junction with a disband along the

interface between materials I and II, and varying the fibre orientations for materials I and II.

interfaces between materials is assumed to be disbonded and other two interfaces bonded
perfectly. In order to show the effect of the positions of disband on stress singularities,
different disbond positions are discussed.

Figure 18 shows the case of a disbonded three-material junction composed of a half
plane with IXIII = 0° and two 90° wedges with IXI = -IX and IXII = IX. A disbond is introduced
along the interface between material I and material II. A relation between the order of
stress singularity b and the fibre orientation IX is investigated with varying IX from - 90° to
90°. Four real roots exist including an "extra" root corresponding to very low singular
stresses. The values of roots b for ( -IX/IX/0°) and (IX/ -IX/OO) are identical due to symmetric
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Fig. 19. Order of stress singularity for a disbonded three-material junction with a disbond along the
interface between materials I and III, and varying the fibre orientations for materials I and II.
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Fig. 20. Order of stress singularity for a disbonded three-material junction with a disbond along the
interface between materials II and III, and varying the fibre orientations for material III.

fibre orientations. Note that 1J = -1/2 is a triple root when a = 00
, but 1J = -1/2 is only

one of three real roots when a = -900 and a = 90°. In these degenerated cases, the "extra"
root vanishes.

The results shown in Fig. 19 are for a disbonded three-material junction with a disbond
along the interface between material I and material III. The fibre orientations for material
I and material II are considered as the variables with a[ = - a and all = a, while holding
(~1II = 0°. Here, complex roots are found, and an "extra" root is also observed. The values
of roots 1J are identical for ( - alalOD

) and (al- rx/OO). Note that the case of Fig. 19 degener­
ates into the one of an interface crack between two anisotropic materials when rx = - 90°
and rx = 90°, and 1J = - 1/2 is a triple root when rx = 0°.
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Fig. 21. Order of stress singularity for a disbonded three-material junction with a disbond along the

interface between materials I and II, and varying the disbond position.

In Fig. 20, the configuration is similar to those of Figs 18 and 19, but a disbond is
present along the interface between material II and material III. Here, the fibre orientations
for material I and material II are fixed, CXI = - 45° and CXn = 45°, while CXIII = cx varying cx
from - 90° to 90°. It is found that the values of roots b are identical for the case of Fig. 19
and the case of Fig. 20 when fibre orientations for both cases are (-cx/cx/OO). Also, from the
results shown in Fig. 20, it can be found that there are four roots including an "extra" root
corresponding to very low singular stresses.

The results in Fig. 21 show how the order of stress singularity varies with the disbond
position () ranging from 90° to 270°. The disbonded junction considered here comprises
three different materials with fixed fibre orientations, i.e., CXI = - 45°, CXn = 45° and CXIII = 0°.
The trends are similar to those observed in Fig. 13 except that an "extra" root corresponding
to lower singular stresses exists. The "extra" root varies with the disbond position, reaching
the value of a real root b = - 0.135433 when () = 1150

, and then reducing to the value close
to zero when () is near 180°. Note that the degenerated cases can be considered as an
interface crack between two materials when () = 90° and () = 270°, where the "extra" root
vanishes.

From the results shown in Figs 18-21, it can be seen that stress singularities become
obviously high compared with the fully bonded cases as shown in Figs 16 and 17. However,
the values of roots b corresponding to the highest singular stresses for each case shown in
Figs 18-20 are close to each other, and usually less than -1/2. The values of roots b
corresponding to the highest singular stresses shown in Fig. 21 keep almost the same within
large range of the crack position from 90° to 2700

• Moreover, it can be found that usually
there are four roots including an "extra" one in all cases as shown in Figs 18-21.

4. CONCLUSIONS

The order of the stress singularities for anisotropic two- and three-material wedges
and junctions that are either perfectly bonded at their interfaces or a disbond along one of
interfaces is investigated. The results for variations of the order of stress singularity with
geometric properties, e.g., the wedge angle, the bonded interface position, the disbond
position and the crack position, and material properties, e.g., the fibre orientation, have
been provided. The significant changes of stress singularities will take place when a fully
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bonded interface becomes a disbond along the interface for the cases of anisotropic two
and three-material junctions.

An "extra" root that corresponds to very low singular stresses is found for the cases
of disbonded two and three-material junctions (see Figs to-II, 18-21). The results then
provide a way to obtain an accurate elastic stress analysis of the problems of anisotropic
multi-material wedges and junctions since all of the roots must be taken into account.

The results presented here will be useful for selecting wedge angle and material com­
binations for anisotropic material wedges and junctions in order to reduce the stress
concentration, and assist the design against the failure ofcomposite materials and structures.
It should be pointed out that the present developed approach can be further extended to
deal with problems such as deformation fields and singular stress fields around the singular
point, more general orientations for fibres as well.
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